SOLUTION OF THE MIXED PROBLEM FOR THIN BODIES ON AN ELASTIC FOUNDATION

M. V. Kavlakan UDC 539.3

Solution of the mixed static problem for an infinite string, membrane, and plate par-
tially supported on an elastic foundation is examined in this paper. The mixed nature of the
problem is that a load is given on one part of the body, and on the other is equal to the
reaction of the elastic foundation, which is unknown prior to solution of the problem. This
reaction is proportional to the normal displacement of the body (Winkler—Voss hypothesis).

A method is used below which had been used in [1] to solve the elastic problem of a half
space partially being supported on an elastic foundation.

We consider the external load applied in a bounded domain V, and denote the domain lying
on the elastic foundation by P.

1. STRING ON AN ELASTIC FOUNDATION

Let the string be along the OX axis, the domain V occupies the segment Ixl| < ¢. The
string displacements w satisfy the differential equations

Ewlds® = p(z), zE V; (1.1
dzw/d.zz = \wz), z = P, (1.2)

where p(x) 1s a given total function of the load in the domain V, A > 0 is the stiffness of
the elastic foundation (bedding coefficient). A condition at infinity w(x) - 0 as Ixl »
and the condition of conjugation of the solution at the points x = *g

w,(d0) = w.(a, (dwlds) (+a) = (dwlda)_(%a), (1.3)

must be appended to (1.1) and (1.2), where the plus (+) and minus (—) denote the limit values
upon approaching the point x = g from the domains P and V, respectively.

Let us reduce problem (1.1)-(1.3) to an integral equation by using a specially selected
fundamental solution. The fundamental solution with as yet unknown distribution denmsity B(&)
is sought as the solution of the equation

Pwlde? = holz)+ BES — &), — oo < z'< o, (1.4)
. (z)—)—O for lz] — o,

where 6(x — £) is the Dirac delta function. The physical meaning of (1.4) is that the de-
flection is sought for an infinite string lying on an elastic foundation and loaded at the
peint x = £ by a lumped force B(£). The solution of problem (1.4) is obtained easily by using
the Fourier transformation

o280 M Dag __ pEe VY pEate—p

on -

JOEe T v o (1.5)

On the basis of the superposition principle, solution (1.5) integrated with respect to £ in
the domain V will satisfy (1.2) for z=#. By satisfying (1.1) we obtain an equation in the
density B

B =r@+[B@CE—Ba o=V (1.6)
v

The physical meaning of the function G is that it is the reaction of an infinite string on
an elastic foundation to a unit lumped force. After having determined the function B from
(1.6), the string deflections are determined from the formula

w(x)=——%jﬁ(§)6<x~ﬁ)d§, << oo, (1.7
A
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Formulas (1.6) and (1.7) remain valid even in the case when V is an arbitrary bounded domain.
It follows from the representation (1.7) that w(x) satisfies the conjugation conditioms (1.3).
If z= 7V, then on the basis of (1.6) and (1.7) it is more convenient to calculate the deflec-—
tion w from the relationship

p(z) = B(@ + Mwo(z). (1.8)
Let us examine the properties of the integral operator K in the right side of (1.6) in

more detail. The kernel G of this integral operator is positive and S G(t)dt =1 . The physi-

cal meaning of this last equality is that the reaction of elastic framing equals the applied
external force. Using the properties of the kernel noted and considering the domain V bounded,
we obtain [2]

;|Kn=maxfc(x—g)d§< { ewar=1, (1.9)

x’:‘VV . s .

where here and later [KIl denotes the norm of the operator K acting in the space of summable
functions L1(V) or of continuous functions C(V) in the closure V. If peL(Np=C(V) , then
the inequality (1.9) permits representation of the solution of (1.6) in the form of a Neumann -
series that converges normally in Li(V) [in C(V)], and assertion on the basis of the principle
of compressed mappings [2] that the solution obtained is unique in Li1(V) and C(V). Condition
(1.9) also permits finding the solution (1.6) by using successive approximations. The approx-—
imations obtained will here be partial sums of the Neumann series. The possibility of using
successive approximations is quite convenient in the calculational plan for the case when the
domain V is not simply connected.

Let us consider certain properties of the solution of the problem (1.1)-(1.3).

A. If p(x) > U for zr=V, then B(x) > U and w(x) < U on the basis of (1.8) in the do-
main P, and tends monotonically to zero as |x! - . This follows easily from the properties
of the kernel and representation (1.6)-(1.8).

B. Let the reaction of the elastic foundation in the domain P be denoted analogously
to the external force p(zx) = Mv(z),ze P . Let the load p(z),re= V, be such that there exists p+(s)=
lhnp(xL zeV, where s is a point lying on the interface I' of the domains P and V. By virtue

of the properties of the solution obtained there exists p_(ﬂ.glunp(@,zesV,seEF Then the for-
mula for the jump follows from (1.6) and (1.7)

P+(~5‘)—‘P_,(-9)=§(S)1 pls) =limP(z), 2=V, seTl. (1.10)

The relationship (1.10) is the result of (1.8) and the first condition in (1.3). The most
important result of the jump formula is the continuity condition for the function p(x) at
the points za: B(s) = U, s = #a.

The properties of the solution are analogous to those obtained in [1]. However, the
possibility of obtaining a solution in the final expressions for the string permits refor-—
mulation of the continuity condition for p(x) during passage through the boundary I' in quan-
tities known a priori. We use the notation

x

n -
¢@={ {r@atm [r@c—9a,
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(the primes denote differentiation). By definition of p(x) we have in the domain P
p) = hole) = —A(e@) + Ayz + 4)
and the continuity condition for p(x) takes the form
pa(s) — Mals) + Ags + Ag) = 0, s = La. (1.11)

Condition (1.11) can be simplified by using the symmetry of p(x). 1In the case of an even
(0dd) function p(x) the continuity condition has the form

134



pe@—1 [ p@e—pa+ 1 “‘f‘z/“s“’) [roa=o

i C o en e P VEGTa) | f£=0) s=+a.
(ms) x_fap(gns pas—tEVRLL iap@) : |

The equality (1.11) imposes a constraint on the known function p(x) from (1.1).

2. MEMBRANE ON AN ELASTIC FOUNDATION
Let the membrane occupy the plane OXY. 1In this case we have instead of (1.1)-(1.3)
Aw = p(z, y), (T, ) EV; (2.1)
Aw = v, (r,y) = P, (2.2)

where A = 32/3x% + 32/3y? is the Laplace operator. The condition at infinity

w(z, y) - 0 for r=VEF 2 >w (2.3)
and the condition on the interface I between domains P and V
w, = w_, (dw/gn), = (Ow/dn). (2.4)

must be appended to (z.1) and (2.2). The subscripts +, — have the same meaning as in Sec. 1,
and 3/3n 1is the derivative along the normal to T.

We use the solution of the auxiliary problem
Aw = Mz, y) + BE Wbz — &y — ), r 2.0, (2.5)
w—>0, r—>oco, .

to solve the formulated problem (2.1)-(2.4), where 8§(x — £, y — n) 1s the Dirac delta-function
The physical meaning of problem (2.5) is that the deflection is sought for a membrane occu-
pying the whole OXY plane and lying completely on an elastic foundation loaded here at the
point (£, n) by a lumped force B8(§, n).

Because of axial symmetry the solution of problem (2.5) is easily obtained by using the
Hankel transform:

5 , cotj (Pl)dt s _ Y‘n)G ) 2.6
w(_x,y)=_ﬁ-(zﬁnn) ;“2 =_ﬁ(§2nn)go(pvvz)f_ﬁ($ d ® (2.6)
' ’ 0

.

p=VEXE+ @y — -
where ‘

- z YA | - .
Ko(:c)——-'ln—z—Io(z)-?-go(ﬁ).‘l’(i'l'i) (2.7)

. i
is the Macdonald function [3], and $@ -+ 1) = ~0.5772?5+2—1 is the Euler y-function. The phys-

n=1
ical meaning of G is the same as in the problem of a string (Sec. 1).
Let (¢, M=V, then if B(&, n) = 0 for (., e P, the fundamental solution (2.7) satisfies

Eq. (2.2) in the domain P. We take the superposition of the fundamental solutions (2.6) in
such a manner as to satisfy (2.1). We obtain an integral eqution in the density B

ﬂ(x,y)—j‘»jﬁ(g, WGP dEdn=p(z,y), (s, )V (2.8)
14 .
and an integral representation for the solution of problem (2.1)-(2.4)
vep=—L[{seme@an —o<ny<e (2.9)
14

Let us note as a result of (2.8) and (2.9) a formula representing the dependence between the
distribution density for the lumpecé forces B, the displacement w, and a given load p in the
domain V:
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plz, y) = Bz, y) + hw(z, y), (@, 9) = V. (2.10)

Let us list the properties of the kernel G that are needed later:

Fig. 1 Fig. 2

o0

‘@ (p) >0, ”G(p)dgdn=1.

-0

To prove the last equality, it is sufficient to go over to polar coordinates and to use for-
mula 6.521.2 [3]. The mechanical meaning of this relationship is the same as in the case of
the string. In contrast to the case of the string, the kernel G has a logarithmic singularity
at zero [see (2.7)].

These properties of the kernel permit literal repetition of the derivation of almost all
the properties of the solution analogously to the case of the string in Sec. 1, starting with
(1.9). The distinction is just that the continuity condition for p(x, y) for passage through
the boundary T is not successfully written down explicitly.

Because (2.8) allows of solution by successive approximations in the case when the do-
main V is bounded, the numerical solution of problem (2.1)-(2.4) is possible for a suffi-
ciently complex configuration of the domain V. Therefore, the solution of (2.8) reduces,
in practice, to a calculation for the (n + 1)-th iteration of expressions of the form

;ffﬁn(&ﬂ)aﬂﬂdEdﬂ-Fp(%yL After having solved (2.8) with adequate accuracy, the membrane de-
4

flections w are determined by means of (2.9) [it is more convenient to use (2.10) for the
domain V].

To illustrate the possibilities of the method, the problem (2.1)~(2.4) was solved numer-
ically in the case when the domain V is a square U < x, y < 1. The load p(x, y) in the do-
main V was assumed constant (it can be considered one without limiting the generality).

Diagrams of the membrane deflections along the line y = x (x 2 0) are shown in Fig. 1,
and along the lines y = 1, y = 1/2 (x 2 0) in Fig. 2. It is characteristic for the deflection
distribution that upon reaching the extremum for x = 1/2, y = 1/2 they grow monotonically to
zero at infinity. By using Figs. 1 and 2 it is easy to obtain the reaction of the elastic
foundation at points where the deflections are presented. To do this it is sufficient to
multiply the value of the deflection by the stiffness A of the elastic foundation.

3. PLATE ON AN ELASTIC FOUNDATION

Retaining the notation and assumptions used in the membrane problem (Sec. 2), we examine
the problem of a plate lying partially on a Winkler elastic foundation. We have

Ay = f_p(xv y)’ (-1', y) = V; (3 . 1)
A = —Aw, (z,y)= P, (3.2)
where A? = 3%/3x" + 20"%/ox%3y® + 3%/3y" is the biharmonic operator, the condition at infinity
is w(x, v) - 0 as r » «» and the condition on the interface I of the domains P and V is
w, = w., (Ghwlonk), = (hwlonk)_, k=1,2,3. - (3.3)
Analogously to Secs. 1 and 2, we consider the solution of the auxiliary problem
Aw = —ho(z, y) + B(E WO — &y — ), v >0,

w0, r»>00,

(3.4)
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which can be obtained by using the Hankel transform
Big ) (gt _ —BE M)y (oY) =+BENEE
o Joa+¥t 2V Vi) Ao

w(z, y)=

(kei (x) is the Thomson function [3]).

Let us suppose the fundamental solution by considering that &.meV, BEm =0 for (¢, nNe
P. Then Eq. (3.2) and condition (3.3) at infinity are satisfied because of the properties
of the fundamental solution. Satisfying (3.1) we obtain an integral equation in the density
8

sen—[{peme@am=~rep. @nesv. (3.5)
v : .

Superposition of the fundamental solution in the domain V yields an integral representation
for the solution of the problem (3.1)-(3.3) in the whole plane:

w(x,-y>=+—‘x-“ﬁ(§; WG (p)dhdn, oo <z y< oo (3.6)
14 . ‘ .

Analogously to the membrane problem, we have for the domain V the relationship
—p(z, y) = Bz, y) — Aw(z, y), @By = V.

Therefore, the problem of seeking the solution of (3.1), (3.2) is reduced to the integral
equation (3.5) in the auxiliary function B. After this latter has been solved, the solution
of the initial problem is determined by the representation (3.6).

In contrast to Secs. 2 and 1, the kernel G of (3.5) 1s a smooth sign-variable function,

o0

where a neighborhood of zero exists in which G > U. As before, SS¢7@)d§ﬁl=l but it is im-

possible to derive the inequality HKIl < 1 which underlies the investigations in Secs. 2 and 3.
This 1s related to the sign-variability of the kernel.

However, for a sufficiently small domain V the inequality Kl < 1 remains valid. In
fact, let po denote a number such that

IQMH&>Obr§<%,—§§mugﬁ;L
. . °

Let us select the diameter of the domain V as less than (1/2)pok—1/“. Then

. Y _ 2% Py
[]Ku:_(ml)iéV-Sj‘IG(p)ldEdn'< jj G((o) dsdt=—jg—z§§kei(§)d§=i,‘
X,y . o
4 . {32+12}<p(2,/ﬁ 0 0

W = V82+12.

For such domains V the results of Secs. 2 and 1 remain valid.

When the domain V is the square O < x, y < 1 the problem was numerically solved by the
method presented above for the case of a constant load in the domain V. The integral equation
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(3.5) was solved by successive approximations here. The results of the numerical computa-
tions are presented in Figs. 3 and 4. The distribution of the function w along the line

vy = x (x 2 0) is represented in Fig. 3, and along the lines y = 1 and y = 1/2 (x 2 0) in
Fig. 4. :
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BIPERIODIC SYSTEM OF RECTILINEAR LONGITUDINAL-SHEAR CRACKS
IN AN ELASTIC BODY

V. G. Novikov and B. M. Tulinov UDC 539.375

Problems of the theory of elasticity for an infinite isotropic body weakened by a bi-
periodic system of rectilinear cracks were examined in [1-11], where they were reduced to a
numerical solution of a singular integral equation or an infinite algebraic system. In this
article we construct an analytic solution to a problem for a biperiodic system of rectilinear
longitudinal-shear cracks forming a rhombic network. An expression is obtained for the macro-
scopic shear modulus of a medium with such a system of cracks.

1. Formulation and Solution of the Biperiodic Problem. It is known [12] that the solu-
tions of problems of longitudinal shear reduce to determination of the function F(z) analytic
in the region occupied by the body, where z = x + iy. Here, the stress components oxz and
oyz and the displacement w are determined from the formulas

0, — 10, = PoF(@), v = Re f(2), F(o) = f'(a), (1.1

Xz

where pp is the shear modulus.

Let an infinite elastic plane x0Oy be weakened by a biperiodic system of rectilinear slits
parallel to the real axis. It is assumed that the fundamental parallelogram of periods has
the form of a rhombus. A slit is located inside the parallelogram across the diagonal (Fig.
1). On the edges of the slits we specify a self-balanced load which is equal at congruent
polnts

0y, = —T@), lal <Ly =0." (1.2)

We use 2g(x) to designate the discontinuity of the displacement in the transition across
the slit

26(a) = wlz, +0)— wiz, —0), lo| < 1.

Let the applied load T(x) be an even function of the coordinate x. Then T(x) = T(-x)
and, by virtue of the symmetry of the problem, the function F(z) is an even biperiodic func-
tion. It can be shown [13, 14] that F(z) is expressed through the derivative of the function
g(x) in the form

. l .
= L\ g QPO (1.3)
re "TFSP(t)-—P(Z)'

o
where P(z) is an elliptic Weierstrass function. The primes denote differentiation with re-

spect to the argument.
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